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ABSTRACT 
The four-color problem concerning planar graphs is shown to have meaningful 
higher-dimensional analogs. 
1. INTRODUCTION 
A simplicial d-complex (= d-dimensional complex) ~ is properly 
colorable by c colors if it is possible to assign the (d -- 1)-faces of c~ to 
c classes in such a manner that any two (d- -  1)-faces contained in a 
d-face of ~f belong to different classes. (For d = 1 this reduces to the 
usual concept of coloring the vertices of a graph; here and in the sequel, 
graphs are understood to contain no 1- or 2-circuits.) 
The main result of the present paper is 
THEOREM 1. For d ~ 1, each simplicial d-complex embeddable in the 
Euclidean (d + 1)-space Ea+l is properly colorable by 6d colors. 
For d = 1 this reduces to the assertion that the vertices of each planar 
graph are colorable by six colors, which is weaker than the well-known 
theorem about the 5-colorability of every such graph (see for example 
[5, p. 84] or [6, p. 15]); the famous four-color problem is the question 
whether each planar graph is properly colorable even with only four 
colors. 
As an easy corollary of Theorem 1 we shall establish 
THEOREM 2. The 2-faces of every simple (d + 2)-polytope P may be 
colored by 6d colors in such a manner that 2-faces with a common edge 
have different colors. 
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Here (d +- 2)-polytope means a con\ex polytope of dimension d + 2; 
a k-polytope is called simple provided each of its vertices is contained 
in precisely k edges or, equivalently, in precisely k (k -- 1)-faces. (For the 
notions and facts concerning polytopes and diagrams used here and below, 
see [3].) 
We shall prove Theorems 1 and 2 in Section 2; in Section 3 we shall 
discuss a number of additional results and problems on colorings and on 
inequalities between the numbers of faces of different dimensions of 
certain complexes. 
2. PROOFS OF THEOREMS 1 AND 2 
We first recall the following well-known result (see Remark 4 below), 
which we quote without proof: 
LEMMA I. If  ~ is a non-empty planar graph with fo(~) vertices and 
fl(c,#) edges, then 
J i (~) ~< 3f0(~ ) - -  3. 
For the next lemma, we need some definitions. 
Let (g be a simplicial d-complex embedded in E a-t, let F 1 ..... F,, be 
the (d -- 1)-faces of ~, and let a weight ffF,) ~ {0, 1} be assigned to each 
(d - 1)-face F~ of ~. 
An ordered pair (F~, F~) of different (d -- 1)-faces of c6 ~ shall be called 
neighborly provided 
f i r , ) ,  ffFs) -~ 1 
and 
F~ u F~ is contained in a d-face of ~" 
(hence F~ n Fs is a (d -- 2)-face of ~6'). 
Let N(W) denote the total number of ordered pairs (Fi, Fs) in ~ which 
are neighborly, and le t f* (~)  denote the number of (d -- 1)-faces F~ of "f 
which satisfy fiG) ---- 1. We shall need 
LEMMA 2. For every simplicial d-complex cg embedded in E d+l, d ~ 1, 
and for every weight-function E,
N(rs ~ 6df*(~), 
with strict inequality unless f *(~s ~ O. 
PROOF: For d = 1, the validity of our assertion follows from Lemma 1 
and the observation that the subgraph of ~ spanned by the vertices F~ 
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of g with E(F~) = I is planar. Let now d ~ 2; the assertion is obvious 
iff*(cg) = 0, hence we shall consider only the case in which E(Fi) = 1 
for some F~. Let Kj, j ----- 1 ..... m, denote those (d -- 2)-faces of cg which 
satisfy Ks CF~ for some (d -- 1)-face F~ with c(F~) = 1. For each Kj we 
define a graph ff~ as follows: The vertices of ff~ are those (d -  1)-faces 
F~ of cg which satisfy F~ D Kj and E(F~)= 1; two vertices of ~ are 
connected by an edge of ~`4 if and only if there exists a d-face of rg 
containing them. 
The following assertions are easily verified: 
(i) for j = 1 .... , m, the graph ffj is non-empty and planar; 
(ii) ~ fo(ff~.) -- df*(cg); 
`4=1 
m 
(iii) 2 y, f~(fr = N(Cg). 
4=2 
Therefore, applying Lemma 1 to each ff~ and adding the resulting 
inequalities we have 
N(C~) ---- 2 ~ f~(fr • 6 ~ f0(ffs) -- 6m < 6df*(cg), 
j= l  j= l  
as claimed. 
From Lemma 2 we have as an immediate corollary 
LEMMA 3. For every simplicial d-complex ~ embedded in E d+l, d ~ 1, 
and for ever), non-zero weight-function E, there exists a (d -  1)-face F 
of ~ with e(F) = 1 such that there are at most 6d -- 1 different (d -- 1)-faces 
Fi of cg for which (F, Fi) is a neighborly pair. 
Theorem 1 is clearly a consequence of
LEMMA 4. I f  a simplicial d-complex ~ embedded in E ~+1, d ~ 1, 
has n (d -- 1)-faces, it is possible to label them F1 ..... F~ in such a manner 
that for each j with 1 <~ j <~ n, Fi w Fi is contained in some d-face of cs 
for at most 6d -- 1 different (d -- 1)-faces Fi o f~ with i < j. 
PROOF OF LEMMA 4: We define Fn as one of the (d -- 1)-faces F of 
having the property stated in Lemma 3, with the weight ~ equal to 1 
for all (d -  1)-faces of c~. Proceeding inductively, after F~ ..... F~ have 
been determined, we choose Fk_~ as one of the F's of Lemma 3, with weight 
function satisfying r = 0 for k ~ i ~< n, and ~ equal to one for all 
the other (d -- 1)-faces of c~. 
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This completes the proof of Lemma 4, and with it the proof of 
Theorem 1. 
In order to deduce Theorem 2 from Theorem 1 we note that the desired 
coloring of the 2-faces of P may be obtained from a proper coloring 
by 6d colors of the (d -- 1)-faces of the d-skeleton g: of the boundary 
complex of the (d _ 2)-polytope P* dual to P, on assigning to 2-faces 
of P the same colors as to the corresponding (d -- l)-faces of ~ or P*. 
The proper colorability of ~f by 6d colors follows from Theorem 1 on 
observing 
(i) that P* and hence Z are simplicia[ since P is simple; and 
(ii) that (.6 ~ is embeddable in E ~.1, as shown by the d-skeleton of any 
Schlegel diagram of P*. 
This completes the proof of Theorem 2. 
3. REMARKS 
1. An inspection of the proof of Theorem 2 shows that it remains valid 
for all quasi-simple (d + 2)-polytopes P. (A k-polytope P is called quasi- 
simple provided each of its edges is contained in precisely k - -1  
(k -- 1)-faces of P. Equivalently, P is quasi-simple provided the dual 
polytope P* is quasi-simplicial, i.e., all the (k -  2)-faces of P* are 
simplices.) 
2. The simplicial d-complexes considered in Theorem 1 and in its proof 
are topological complexes; hence Theorem 2 may be generalized (using an 
obvious duality) to the 2-skeleton of all simple (d + l)-diagrams in E a+l, 
regardless whether or not the diagrams in question are combinatorially 
equivalent to Schlegel diagrams of (d + 2)-polytopes (compare 
[3, Section 11.5]). The temptation to generalize this assertion to: "It is 
possible to 6d-color the 2-cells of each 2-dimensional cell complex c( 
in E '~1, provided each edge of cg belongs to at most d ~- 1 2-cells of c~, ,  
is too far-reaching. It is well known (see for example [6]) that already 
for d = 2, and for (simple) cell-decompositions of (orientable) 2-manifolds, 
neither 12 nor any finite number is sufficient in all cases. However, there 
still persists the tantalizing possibility that the above statement may be 
true provided attention is restricted to geometric 2-complexes in E a+l, 
i.e., to cell-complexes of dimension 2 embedded in E a+l, each 2-cell 
of which is a convex polygon (compare [3, Section 11.1]). 
3. In general, it seems that for not necessarily simplicial k-complexes 
the following definition of proper coloring of /-faces is promising: 
The /-faces of a cell-complex ~ of dimension k, 0 ~ i < k, are properly 
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colorable by c colors if it is possible to assign the/-faces of ~ to c classes 
in such a manner that every two/-faces which have a common (i -- l)-face 
and are contained in an (i + l)-face of cg, belong to different classes. 
The following is only a rather trivial example of results valid with this 
definition of coloring (note that, in the special cases considered in 
Theorems 1 and 2, the above "new" definition coincides with the "old" 
ones). Let a k-complex be called a quasi-simplicial k-manifold provided 
it is a k-manifold, and each of its (k -- l)-faces is a simplex. 
THEOREM 3. The (d -  l)-faees of each quasi-simplicial d-manifold, 
d > t, may be properly colored by 2d colors. 
PROOF: Each (d -  1)-face F is incident o 2 d-faces, and in each of 
these there are d (d -- 1)-faces meeting F in a (d -- 2)-face. Hence each 
(d -  1)-face "neighbors" 2d other (d--  1)-faces, and the result follows 
from Brooks' theorem [1]. 
Of special interest is the case d = 2 of Theorem 3. Then 2d :- 4 is best 
possible; indeed, the boundary complex of a square pyramid needs 4 colors 
for a proper coloring of its edges. Even requiring the 2-manifold to be 
simplicial does not change the situation: For the triangulation of the 
projective plane with 6 vertices (and 15 edges) it is easy to see that 4 colors 
are needed for any proper coloring of the edges. 
The special case of Theorem 3 in which d = 2 and the complex is 
simplicial (or, by duality, simple) may be derived also from Petersen's 
theorem of factorization of 3-valent graphs (see for example [4, p. 186]). 
If d = 2, if the 2-manifold is a 2-sphere, and if the complex is simplicial 
(or simple), it is well known that the edges may be properly colored by 
3 colors if and only if the 4-color problem has an affirmative solution 
for that complex (see for example [4, p. 202] or [6, p. 17]). All the known 
results suggest the following 
CONJECTURE. The edges of each triangulation of every orientable 
2-manifold may be properly colored by 3 colors. 
It seems not to be known whether 2d colors may indeed be needed in 
Theorem 3 for d ~/3. 
4. Lemma 1 is mostly quoted in the formf~ ~< 3f0 -- 6 (see for example 
[2, p. 78], [6, p. 24]). This stronger form, however, may fail if fo < 3, 
just as Lemma 1 fails for the empty graph. 
5. From Lemma 2 and its proof, with E ---- 1 for all (d -- 1)-faces of c~, 
and from the observation that (d§  1)d.fa(ff)~< N(C~) (where f~(~) 
denotes the number of/-faces of the complex ~), the following results 
may be derived for simplieial d-complexes T embedded in E d~-l, starting 
from the corresponding statements about planar graphs: 
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(i) (d- -  1)! . fa ~ 6d! " fa-1 
for every such complex ~; 
(ii) (d § 1)! " fa ~ 6d! " fa-x -- 6(d-  1)! " fa-,. 
provided each element of W belongs to some face of ~ of dimension 
at least d -- 1 ; 
(iii) (d +1)! "fa <~ 6d! " fa -1 -  10(d-  1)! 'fa-~ 
provided each element of c~ belongs to some d-face of ~; 
(iv) (d-? 1)! "fa ~ 6d! "fa-1 -- 12(d-- 1)! "fa-2 
provided each element of ~ belongs to some d-face of ~, and each 
(d -- 1)-face of c~ belongs to at least two d-faces of c~. 
All four statements are best possible in the sense that they would 
become false for each d >~ 1 if < were substituted for ~<. Under certain 
conditions, however, it is possible to extend the results to a larger class 
of complexes.For example, it is well known that for d = 1 (iv) holds even 
under the weaker assumption that each connected component of the graph 
contains at least two edges. Similarly, it is not hard to prove: 
(v) If (g is a simplicial 2-complex embedded in E z such that each 
connected component of c~ contains at least two triangles, then 
f2 ~ 2/1 -- 2f0. 
The analog of (v) in higher dimensions fails to be true already for 
3-complexes, as shown by the example in which cE consists of two tetra- 
hedra with a common edge. 
6. It would be interesting to investigate the possibility of removing 
the assumption of simpliciality from the results mentioned in Remark 5. 
For d = 2 it is not hard to show that the theorems remain valid; for 
example, we have the following generalization of (iv), which contrasts 
with the situation considered in Remark 2: 
If ~q is a 2-dimensional cell complex (topologically) embedded in E a, 
such that each element of c~ belongs to some 2-face of 5, and each edge 
of cs belongs to at least two 2-faces of c~, then 
3f2 < ~ kP~: < 6fl -- 6fo, 
k~3 
where p~ is the number of k-gonal 2-faces of cg. 
Already for 3-complexes the corresponding problem is still open. 
7. The existence of complete k-complexes embedded in E 2~+1 and 
having arbitrarily many vertices hows that no linear inequality of the type 
k--1 
A(~:) <~ Z a,Z(cr 
i=--1 
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can hold for all k-complexes embedded in E a with d ~ 2k § 1. This still 
leaves open the possibility of existence of such inequalities for k-complexes 
in E d with k q-1 < d ~< 2k. However, even the simplest non-trivial 
case (k = 2, d =- 4) is still open. 
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